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Abstract

Engineeringandscienti�c applicationsarebecomingincreasinglymodular, utilizing
publicly de�ned interfacesto integratethird partytoolsandlibrariesfor servicessuchasmesh
generation,datapartitioning,equationsolversandoptimization.As aresult,it is importantto
understandandmodeltheinteractionsbetweenthesevariousmodules,andto developgood
abstractinterfacesbetweenthem.Onecategoryof modulesthatis becomingincreasingly
importantis abstractnumericalalgorithms(ANAs). ANAs suchaslinearandnonlinear
equationsolvers,methodsfor stabilityandbifurcationanalysis,uncertaintyquanti�cation
methodsandnonlinearprogrammingsolversfor optimizationaretypically mathematically
sophisticatedbut havesurprisinglylittle essentialdependenceon thedetailsof whatcomputer
systemis beingusedor how matricesandvectorsarestoredandcomputed.As aresult,using
abstractinterfacecapabilitiesin languagessuchasC++,we canimplementANA softwarethat
it will work, unchanged,with a varietyof applicationsandlinearalgebralibraries.

In thispaper, we provideanoverview of theThyraeffort whichat its mostbasiclevel
de�nesfundamentalabstractlinearoperatorandvectorinterfaces.Theselinearoperator/vector
interfacesprovidethebasicfunctionalityandinteroperabilityfor abroadrangeof ANAs.
Many otherhigher-level abstractionsarebuilt on topof theThyraoperator/vectorinterfaces.
TheTrilinos packagethyra de�nesthesedifferentsetsof C++ interfacesandprovides
optionalsupportsoftware.
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1 Intr oduction

Oneareaof steadyimprovementin large-scaleengineeringandscienti�c applicationsis the
increasedmodularityof applicationdesignanddevelopment.Speci�cationof publicly-de�ned
interfaces,combinedwith theuseof third-partysoftwareto satisfycritical technologyneedsin
areassuchasmeshgeneration,datapartitioningandsolutionmethodshave beengenerallypositive
developmentsin applicationdesign.While theuseof third partysoftwareintroducesdependencies
from theapplicationdeveloper's perspective, it alsogivestheapplicationaccessto thelatest
technologyin theseareas,amortizeslibrary andtool developmentacrossmultipleapplicationsand,
if properlydesigned,givestheapplicationeasyaccessto morethanoneoptionfor eachcritical
technologyarea,e.g.,accessto multiple linearsolver packages.

Onecategory of modulesthatis becomingincreasinglyimportantis abstractnumericalalgorithms
(ANAs). ANAs suchaslinearandnonlinearequationsolvers,methodsfor stabilityandbifurcation
analysis,transientsolvers,uncertaintyquanti�cationmethods,andnonlinearprogrammingsolvers
for optimizationaretypically mathematicallysophisticatedbut have surprisinglylittle essential
dependenceon thedetailsof whatcomputersystemis beingusedor how matricesandvectorsare
storedandcomputed.Thus,by usingabstractinterfacecapabilitiesin languagessuchasC++,we
canimplementANA softwaresuchthatit will work, unchanged,with avarietyof applicationsand
linearalgebralibraries.

Herewe describeasetof abstractoperator/vectorinterfacesthatallows thespeci�cationof ANAs
from basicKrylov linearequationsolversall thewayup to interior-point methodsfor optimization.
At thecore,we de�ne asetof basicoperator/vectorinterfacesthatform thethefoundationfor (i)
ANA development,(ii) theintegrationof anANA into anapplication(APP)and(iii) providing
servicesto theANA from a linearalgebralibrary (LAL). By agreeingon asimpleminimal
commoninterfacelayersuchastheFundamentalThyraANA Operator/VectorInterfacesdescribed
here,we eliminatethemany-to-many dependency problemof ANA/APPinterfaces.

It is dif�cult to describeasetof linearalgebrainterfacesoutsideof thecontext of someclassof
numericalproblems.For thispurpose,wewill considernumericalalgorithmswhereit is possible
to implementall of therequiredoperationsexclusively throughwell de�ned interfacesto vectors,
vectorspaces,andlinearoperatorsandhigherlevel abstractionsbuilt on these.Thefundamental
Thyraoperator/vectorinterfacesdescribedherearethecommondenominatorof all abstract
numericalalgorithms.

Weassumethatthereaderhasabasicunderstandingof vectorreduction/transformation operators
(RTOp) [3], is comfortablewith object-orientation[11] andC++,andknows how to readbasic
Uni�ed ModelingLanguage(UML) [10] classdiagrams.Wealsoassumethatthereaderhassome
backgroundin large-scalenumericsandwill thereforebeableto appreciatethechallengesthatare
addressedby Thyra.

Notethattheonlinedocumentationfor Thyraat

http://trilinos.san dia .go v/p ac kag es/ thy ra

shouldbethede�niti ve informationsourcefor Thyra.This documentonly triesto provide an
overview of Thyraandexplain thephilosophybehindit.
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2 Classi�cation of linear algebraand other interfaces

Althoughwe will discussAPPs,ANAs andLALs in detail laterin thissection,wewantto brie�y
introducethesetermshereto make themclear. Also, althoughtherearecertainlyothertypesof
modulesin a large-scalescienti�c/engineeringapplication,weonly focuson thesethreesincethey
aretheonesmoredirectly relatedto ANAs.

� Application(APP):Themodulesof anapplicationthatarenotANA or LAL modules.
Typically this includesthecodethatis uniqueto theapplicationitself suchasthecodethat
formulatesandgeneratesthediscreteproblemto besolved. In generalit wouldalsoinclude
otherthird-partysoftwarethatis notanANA or LAL module.

� AbstractNumericalAlgorithm (ANA): Softwarethatdrivesasolutionprocess,e.g.,an
iterative linearor nonlinearsolver. This typeof packageprovidessolutionsto andrequires
servicesfrom theAPP, andutilizesservicesfrom oneor moreLALs. It canusuallybe
writtensothatit doesnotdependon thedetailsof thecomputerplatform,or thedetailsof
how theAPPandLALs areimplemented,sothatanANA canbeusedacrossmany APPs
andwith many LALs.

� LinearAlgebraLibrary (LAL): Softwarethatprovidestheability to constructconcretelinear
algebraobjectssuchasmatricesandvectors.A LAL canalsobeaspeci�c linearsolver or
preconditioner.

An importantfocusof thispaperis to clearlyidentify theinteractionsbetweenAPPs,ANAs and
LALs for thepurposesof de�ning theThyrainterfacesandto differentiatetheThyrainterfaces
from otherinterfacingefforts.

Therequirementsfor thelinearalgebraobjectsasimposedby anANA areverydifferentfrom the
requirementsimposedby anAPPcode.In orderto differentiatethevarioustypesof interfacesand
therequirementsassociatedwith each,considerFigure1. This �gure shows thethreemajor
categoriesof softwaremodulesthatmake upa completenumericalapplication.The�rst category
is application(APP)softwarein which theunderlyingdatais de�ned for theproblem.Thiscould
besomethingassimpleastheright-hand-sideandmatrixcoef�cients of asinglelinearsystemor
ascomplex asa �nite-elementmethodfor a3-D nonlinearPDE-constrainedoptimizationproblem.
Thesecondcategory is linearalgebralibrary (LAL) softwarethatimplementsbasiclinearalgebra
operations[9, 1, 5, 13, 2, 12]. Thesetypesof softwareincludeprimarily matrix-vector
multiplication,thecreationof a preconditioner(e.g.ILU), andmayevenincludeseveraldifferent
typesof directlinearsolvers.Thethird category is ANA softwarethatdrivesthemainsolution
processandincludessuchalgorithmsasiterative methodsfor linearandnonlinearsystems;explicit
andimplicit methodsfor ODEsandDAEs;andnonlinearprogramming(NLP) solvers[16]. There
aremany examplesoftwarepackages[2, 13, 12, 7, 4] thatcontainANA software.

Thetypesof ANAs describedhereonly requireoperationslike matrix-vectormultiplication,linear
solvesandcertaintypesof vectorreductionandtransformationoperations.All of theseoperations
canbeperformedwith only averyabstractview of vectors,vectorspacesandlinearoperators.

An applicationcode,however, hastheresponsibilityof populatingvectorandmatrixobjectsand
requiresthepassingof explicit functionandgradientvalueentries,sometimesin adistributed

8



memoryparallelenvironment.This is thepurposeof anAPP/LAL interface.This involvesavery
differentsetof requirementsthanthosedescribedabove for theANA/APPandANA/LAL
interfaces.Examplesof APP/LAL interfacesincludetheFEI [8] andmuchof theESI [14].

Figure1 alsoshows asetof LAL/LAL interfacesthatallows linearalgebraobjectsfrom oneLAL
to collaboratewith theobjectsfrom anotherLAL. Thesesinterfacesareverysimilar to the
APP/LAL interfacesandtherequirementsfor this typeof interfaceis alsonotaddressedby Thyra.
TheESI [14] containsexamplesof LAL/LAL interfaces.
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3 SomeBasicRequirementsfor Thyra

BeforedescribingtheC++ interfacesfor Thyra,somebasicrequirementsarestated.

1. Thyrainterfacesshouldbeportableto all theASC [17] platformswhereASCapplications
might runandto otherimportantplatforms.

2. Thyrainterfacesshouldprovide for stableandaccuratenumericalcomputationsata
fundamentallevel.

3. Thyrashouldprovide aminimal,but complete,interfacethataddressesall thebasic
ef�ciency needs(in bothspeedandstorage)whichwill resultin near-optimal
implementationsof all of theobjectsandall of theabove mentionedANA algorithmsthat
usetheseobjects.

4. Maximally generalANAs developedwith Thyrashouldbeableto transparentlyutilize
differenttypesof computingenvironmentssuchasSPMD1, client/server2, out-of-core3, and
any combinationof thesecon�gurations.

5. Thework requiredto implementadaptersubclasses(seethe“Adapter”patternin [11]) for
andwith Thyrashouldbeminimalandstraightforwardfor all of theexisting relatedlinear
algebraandANA interfaces.This requirementis facilitatedby thefactthattheThyra
interfacesareminimal.

A hand-codedprogram(e.g.usingFortran77 andMPI) shouldnotprovide any signi�cant gainsin
performancein any of theabove categoriesin any computingenvironmentor con�guration.A
hand-codedalgorithmin Fortran77with MPI shouldnotbeableto provide signi�cant
improvementsin storagerequirements,computationalspeed,or numericalstability. Thereare
many numericalalgorithmscancannotbeconsideredto be“abstract”(e.g.GaussianElimination)
andthereforeThyraandlike abstractinterfacesshouldnotbeusedfor suchalgorithms.However,
drawly theline betweenanANA andanon-ANA canbequitefuzzy in practice.

1SingleProgramMultiple Data(SPMD):A singleprogramrunningin adistributed-memoryenvironmentonmultiple
parallelprocessors

2Client/Server: TheANA runsin a processon a clientcomputerandtheAPPandLAL run in processorson aserver
3Out-of-core:Thedatafor theproblemis storedon diskandis readfrom andwritten to backdiskasneeded
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4 Mathematical Foundation for FundamentalThyra ANA
Operator/Vector Interfaces

BeforedescribingtheThyra FundamentalANA Operator/Vector Interfacesthatform the
foundationfor all of theThyraANA interfacesin moredetail,wemust�rst clearlyde�ne the
mathematicalfoundationfor theabstractionsof vectors,vectorspaces,andlinearoperators.

All Thyravectorsbelongto avectorspaceandarerepresentableasanarrayof scalarcoef�cients
x̃ 2 IRn anda (non-unique)basisE 2 IRn� n of theform

x = Ex̃: (1)

For agivenThyravectorspace,thebasisrepresentationE 2 IRn� n is non-uniquebut thesymmetric
positive de�nite scalar(inner)productmatrix

Q = EHE (2)

whereQ 2 IRn� n is unique.GivenQ 2 IRn� n, thescalarproductis de�ned as

xHy = x̃HQỹ = < x̃; ỹ > : (3)

For Q 2 IRn� n to befull rank,E 2 IRn� n mustbefull rank.Herewede�ne aEuclideanvector
spaceasonewhereE = I 2 IRn� n andQ = EHE = I 2 IRn� n.

In Thyra,vectorspacesandvectorsareabstractedusingtheC++ baseinterfaceclasses
Thyra::VectorSpace Base andThyra::VectorBase respectively. Vectorsarecreatedfrom a
vectorspaceusingthe“AbstractFactory”designpatternusingthenonmemberfunction
createMember(vecSp c) .

In additionto vectorsandvectorspaces,Thyraalsode�nes linearoperatorswhich linearlymap
vectorsfrom onevectorspaceto another. Thede�nition of a linearoperatoris stronglyin�uenced
by thede�nition of thescalarproductassociatedwith thevectorspacesandwhetherthemappingis
betweenEuclideanvectorsy = Ax or betweencoef�cient vectorsỹ = Ãx̃. In Thyra,vectorsarea
specializationof linearoperatorsandthereforeeveryvectoris alsoa linearoperator. Therefore,
whenonewrites

z= xHy (4)

thenxH mustbeinterpretedto betheadjointlinearoperatorof x.

Giventhisnotation,thevectorx wouldbeconsideredto live anEuclideanvectorspacex 2 IRn

while thevectorx̃ would beconsideredto live in thenon-Euclideanvectorspacex̃ 2 X which is
de�ned by thescalarproductmatrixQ 2 IRn� n. Therefore,it is actuallynot clearwhetheran
abstractvectorobjectrepresentstheEuclideanvectorx 2 IRn which justhappensto bestoredasa
setof coef�cients x̃ 2 X or if it representsthecoef�cient vectorsx̃ 2 X themselves.Thisambiguity
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of theinterpretationof vectorsandlinearoperatorsalsoresultsfrom theambiguityof
interpretationof thevectorsin thatthey canbethoughtof astheEuclideanlinearoperatorsthat
only updatethecoef�cient vectorsor aslinearoperatorsthatactdirectlyon vectorcoef�cients.

TheFundamentalThyraANA Operator/VectorInterfacesrequirethateveryThyravectorbe
representedasa �nite-dimensionalsetof scalarcoef�cients andthatthescalarproduct< x̃; ỹ > be
equivalentto thetwo-sidedapplicationsome�nite-dimensionalsymmetricpositive de�nite matrix
Q 2 IRn� n suchthat< x̃; ỹ > = x̃HQỹ. TheThyrainterfacesdo not try to pretendthatits vectorsare
in�nite dimensionalor thatthey admitmoregeneralimplementationsasallowedby in�nite
dimensionalHilbert spaces.While everyThyravectormustbestoredasasetof scalarcoef�cients
theinterfacesmake noassumptionswhatsoever aboutwhereor how thosecoef�cients arestored.
A fully generalANA canmake no assumptionsabouthow vectorsarestoredor laid out in
memory, only thatthosecoef�cients do exist andthatthecoef�cients canbeexposedto reduction
andtransformationoperators(see[3]).

While accessingtheelementsof avectoris ill advisedin ageneralANA, theThyravectorinterface
supportsacquiringdirectviews of any rangeof vectorcoef�cient data(see
Thyra::VectorBase: :ac qui reD et ach edView (. ..) ).

Again,thyradoesnot try to hidethefactthatavectoris simplyasetof scalarcoef�cients
associatedwith somebasis.Thyradoesnotevenreally try to keeptheclient from accessingthe
actualcoef�cients of thevectorssinceit canaccessthemwith anRTOpobjectif desired.What
Thyradoesdo is to abstractwherethevectorcoef�cients liveandwhatnative datastructureis used
to hold thecoef�cients. Noneof vectorcoef�cients mayevenbedirectlybeheadin mainmemory
in theprocesswheretheANA is runningbut thereis awaysa (perhapsvery inef�cient) mechanism
to getaview of them.ANAs thatwantto bemaximallygeneralandef�cient shouldnot try to
directlyaccessthevectorelementsexplicitly andmany ANAs donotneedto. However, thereare
perfectlyreasonableANAs thatdo needto accesstheexplicit vectorcoef�cients for vectorsfrom
certainvectorspaces(suchasvectorsin thedesignspacein somereduced-spaceoptimization
algorithms)andThyraprovidesef�cient andyet100%generalwaysto accessthesecoef�cients.
EveryThyravectorspacealsohasa �nite dimensionthatis accessibleasapropertyof thevector
spaceandin integervalue.

While Thyrarequiresvectorsto be�nite dimensionalandthevectorcoef�cients mustbe
accessible(if to noneotherthanto RTOps),it allows completefreedomin theimplementationof
scalarproductsof generallinearoperatorsthatmapvectorsfrom onevectorspaceto another.
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5 Overview of FundamentalThyra ANA Operator/Vector Interfaces

TheFundamentalThyraANA Operator/VectorInterfacesareshown in Figure2. Thekey
abstractionsincludevectors,vectorspaces,andlinearoperators.All of theinterfacesaretemplated
on theScalar type(theUML notationfor templatedclassesis notusedin the�gure for thesakeof
improving readability).

Vectorspaceis thefoundationfor all otherabstractions.Vectorspacesareabstractedthroughthe
VectorSpaceBase interface.A VectorSpaceBase objectactsprimarily asan“Abstract
Factory” [11] thatcreatesvectorobjects(whicharethe“products”in the“AbstractFactory”design
pattern).

VectorsareabstractedthroughtheVectorBase interface.TheVectorBase interfaceis very
minimalandreallyonly de�nesonenontrivial functionapplyOp(...) . TheapplyOp(...)
functionacceptsuser-de�ned (i.e.ANA-de�ned) reduction/transformation operator(RTOp)
objectsthroughthetemplatedRTOpC++ interfaceRTOpPack::RTOp T. An ever increasingset
of concreteimplementationsof RTOpsis providedalongwith wrapperconveniencefunctionsin
theANA supportcodecollection.Thesetof operationsis alsoeasilyextensible.Every
VectorBase objectprovidesaccessto its VectorSpaceBas e (thatwasusedto createthe
VectorBase object)throughthefunctionspace() .

TheVectorSpaceBase interfacealsoprovidestheability to createMultiVectorBas e
objectsthroughthecreateMembers( numMember s) function.A MultiVectorBase is a
tall thin densematrixwhereeachcolumnin thematrix is aVectorBase objectwhich is
accessiblethroughthecol(...) function.MultiVectorBase sareneededfor near-optimal
processorcacheperformance(in serialandparallelprograms)andto minimizethenumberof
globalcommunicationsin adistributedparallelenvironment.TheMultiVectorBase interface
is usefulin many differenttypesANAs suchasblockKrylov methods.Theinterfaceclass
VectorBase is derivedfrom MultiVectorBas e sothateveryVectorBase is a
MultiVectorBase . Thissimpli�es thedevelopmentof ANAs in thatany ANA thatcanhandle
MultiVectorBase objectsshouldautomaticallybeableto acceptVectorBase objectsas
well.

VectorSpaceBase declaresa virtual functioncalledscalarProd(x,y) whichcomputes
thescalarproduct< x;y > for thevectorspace.Thereis alsoaMultiVectorBase version
VectorSpaceBase :: sc al arP ro ds (. .. ) (notshown in the�gure) thatcomputesthe
scalarproductsof eachsetof columnvectorsin two multi-vectors.Finally, VectorSpaceBase
alsoincludestheability to determinethecompatibilityof vectorsfrom differentvectorspaces
throughthefunctionisCompatible(ve cSpc ) . This is usefulprimarily for errorcheckingand
debugging.

Anotherimportanttypeof linearalgebraabstractionis a linearoperatorwhich is representedby the
interfaceclassLinearOpBase . TheLinearOpBase interfaceis usedto representquantities
suchasaJacobianmatrix. A LinearOpBase objectde�nesa linearmappingfrom vectorsin one
vectorspace(calledthedomain ) to vectorsin anothervectorspace(calledtherange ). Every
LinearOpBase objectprovidesaccessto thesevectorspacesthroughthefunctionsdomain()
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andrange() . Theexactform of thismapping,asimplementedby thefunctionapply(...) , is

Y = a M X + bY (5)

whereM is aLinearOpBase object;X andY areMultiVectorBase objects;anda andb are
Scalar objects.

A LinearOpBase objectcanalso,optionally, supportthetranspose(or adjoint)operation:

Y = a op(M) X + bY (6)

throughthefunctionapplyTranspose( .. .) , whereM is aLinearOpBase object;op(M)
is MT or MH (asdeterminedby theconj argument);X andY areMultiVectorBase objects;
anda andb areScalar objects.ThefunctionapplyTranspose (E Conj) will returnfalseif a
particularform of thetransposeis not supported.

If theadjointis supported,thenit mustsatisfytheadjointpropertySpeci�cally, for any two vectors
w 2 D (domainspace)andu 2 R (rangespace),theadjointoperationmustobey theadjoint
property

< u;Av > R== < AHu;v > D :

Anotherimportantpartof this designis thefactthatMultiVectorBase derivesfrom
LinearOpBase andthereforeeverymulti-vectorobjectis alsoa linearoperator. This is an
elegantway to supportthenotionsof block innerproductsandblockupdates.

A block innerproductis speci�edas

Z = YHX

whereY, X andZ areall multi-vectors.NotethatsinceY is a linearoperatorthenYHX is not
simply theblockdotproductinvolving thecoef�cients but insteadmustbeconsistentwith the
scalarproductfor therangeof Y.

A blockupdatetakestheform

Z = aYX + bZ

whereY, X andZ areall multi-vectorsanda andb arescalars.

Also notethatsinceMultiVectorBase derivesfrom LinearOpBase andVectorBase
derivesfrom MultiVectorBase , therefore,everyvectorobjectis alsoa linearoperator. While
thismaynotbea terribly usefulfeatureit doesmeanthatonemustinterpretyHx to bethesameas
< y;x > andnot just thedotproductwhenthespaceis non-euclidean.
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Figure 2. UML classdiagram: The fundamentalThyra ANA opera-

tor/vectorinterfaces
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6 Summary

TheFundamentalThyraOperator/VectorInterfacesprovide theintersectionof all of the
functionalityrequiredof linearoperatorsandvectorsby avarietyof abstractnumericalalgorithms
rangingfrom iterative linearsolversall thewayup to optimizers.By adoptingThyraasastandard
interfacelayer, interoperabilitybetweenapplications,linearalgebralibraries,andabstract
numericalalgorithmsin advancedscienti�c computingenvironmentsbecomesautomaticto a large
extent.
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